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Abstract—Entanglement distribution is a key problem in quan-
tum networks. Conventional works on entanglement distribution
either ignored that Entangled Photon Sources (EPSes) are pre-
cious resources or organized EPSes in an unscalable way. In this
work, we propose an EPS Pooling and Entanglement Distribution
(EPED) approach to efficiently utilize EPSes. The salient features
of EPED include (i) EPSes are organized as several EPS pools;
(ii) each EPS pool distributes entanglements only in its coverage
area; and (iii) EPSes are dynamically assigned to create different
entanglement links.

There are two challenges in EPED: (i) when deploying EPS
pools, we do not have any demand information; and (ii) we have
to calculate the Entanglement Path (EP) for each demand as
quickly as possible. To tackle these challenges, we design an
algorithm with a constant approximation ratio to minimize the
number of EPS pools required, and determine the number of
EPSes provisioned to each pool using a primal-dual technique.
By preparing candidate EPs for each demand, we solve the
online EP selection problem for tens of demands in a network
with hundreds of nodes in 6.5 ms. Extensive simulations show
that EPED can save up to 8% EPS pools and enhance network
throughput by up to 48%.

I. INTRODUCTION

Entanglement distribution plays a key role in both quan-
tum computing and quantum communications. For distributed
quantum computing, when two quantum bits (called qubits,
which are usually implemented as photons) that have to go
through the same binary gate are not on the same Quantum
Computer (QC), we could perform such a remote quantum
gate using a technique called cat-entangler [1, 2]. For quantum
communications, a qubit is easy to get lost if we directly
send it from one QC to another via a transmission medium
due to its low energy. To address this issue, we leverage
teleportation [3] to deliver quantum states instead of sending
physical qubits. Both cat-entangler and teleportation need
to consume entanglements, which are also referred to as
Entanglement Connections (EC), established between the two
corresponding QCs. An EC will be destroyed after it is used
to perform a remote gate or teleport a qubit. Thus, we would
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try to concurrently establish as many ECs as possible. The
number of ECs that can be concurrently established is also
referred to as network throughput [4]-[6].

It is the simplest way to establish an EC between two
QCs that we first generate a pair of entangled qubits with
an Entangled Photon Source (EPS) and send each of them
to one of these two QCs [7, 8]. However, it is difficult
to deliver a qubit via a long fiber and free-space channels
cannot be used in the daytime. Accordingly, this method is
not suitable for a large-scale network that operates day and
night. To address this scalability issue, many existing works
assumed that there are enough EPSes placed at the middle
of each physical link [9, 10] or at each quantum node [11].
By doing so, we can create Entanglement Links (ELs) over
each physical link, and then stitch properly selected ELs via
quantum swapping to establish end-to-end ECs. These works
inherently assumed that quantum memory is the most precious
quantum resource. However, in practice, EPSes, each of which
costs tens of hundreds of dollars [12], are also very limited,
as it is not affordable to statically deploy EPSes for every
link to ensure that there are always enough EPSes to generate
entangled qubits concurrently.

In this work, we propose an approach called EPED (EPS
Pooling and Entanglement Distribution) to manage EPSes and
distribute entanglements. In EPED, we organize all available
EPSes into several pools as Micius [8]. By leveraging all-
optical switching capability as in [13], each EPS pool can
dynamically provision its EPSes to create ELs between differ-
ent node pairs inside its coverage area. When establishing an
EC between nodes that are far away from each other, e.g., not
covered by the same EPS pool, we first find an Entanglement
Path (EP) consisting of a sequence of nodes, such that every
two adjacent nodes are covered by the same EPS pool. Then,
we create ELs between every two adjacent nodes and stitch
these ELs together via quantum swapping to establish the
end-to-end EC. Since EPED dynamically provisions EPSes in
every pool to create ELs according to existing demands and
the related EPs, it can significantly increase the EPS utilization
compared with statically deploying each EPS for creating ELs
over a specific physical link.

There are two challenging stages in EPED, i.e., the offline
network deployment stage and the online entanglement dis-
tribution stage. In the network deployment stage, given the
locations of all quantum nodes, the number of available EPSes,
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and the coverage radius of each EPS pool, we determine where
to deploy EPS pools and how many EPSes to deploy in each
pool. In this stage, the key challenge lies in the uncertainty of
demand information. In the online entanglement distribution
stage, based on the demand information, we compute the EP
for each demand and the number of ELs to be created between
different node pairs for each EPS pool. The algorithms used
in this stage should have low time complexity since a long
algorithm running time will prolong the duration of time slots
and reduce the effective network throughput.

To deploy an EPED-based quantum network, we propose
a 17 + e approximation algorithm to compute the positions of
EPS pools in order to minimize the number of EPS pools built
to ensure that ECs can be established between any node pairs,
which in turn minimizes the network infrastructure cost. Then,
by considering all potential demands, we compute the number
of EPSes deployed in each EPS pool in order to maximize
network throughput. In the entanglement distribution stage, we
prepare some candidate EPs for every potential demand and
calculate the probability of using each candidate EP. When
demands arrive, we randomly select an EP for each of them
according to this probability. By doing so, we can determine
the EPs for 36 demands in a network with 100 nodes in 6.5
ms. Extensive simulations demonstrate that EPED can save 8%
of the EPS pools required to build compared with a greedy
method, and it can improve the network throughput by up to
31%, 48%, and 16%, respectively, compared with baselines
such as shortest-path based entanglement routing, even EPS
provisioning, and least workload first EL creation approaches.

The main contributions of this paper are:

e Propose a new network architecture to improve quantum

network scalability and fully utilize EPSes (Section III)

e Design efficient algorithms to minimize infrastructure cost
and improve network throughput (Sections IV & V)

e Conduct extensive simulations to demonstrate the superior
performance of EPED (Section VI)

II. BACKGROUND

In this section, we introduce preliminary knowledge about
quantum networks, present the system model we study, and
justify the assumptions we make in this work.

A. Preliminary

Vanilla entanglement distribution. To distribute an entangle-
ment between Alice and Bob, we generate a pair of entangled
qubits (called ebits) using an EPS and send each of these
two ebits to Alice and Bob, respectively. Once both Alice
and Bob receive one ebit, an entanglement is distributed. In
other words, an Entanglement Connection (EC) is established
between Alice and Bob.

Entanglement distribution between remote ends. When Al-
ice and Bob are far away from each other, it would be difficult
to establish an EC with the vanilla entanglement distribution
since Alice or Bob may be far away from the EPS and an ebit
would get lost when it is flying in the transmission medium. To
solve this problem, we will stitch multiple Entanglement Links

(ELs), which are physically entanglements created between
two nodes close by each other, together, to establish an EC
between Alice and Bob.

Specifically, we first find a physical path (called an Entan-
glement Path, EP) from Alice to Bob. Then, we create an
EL between every two adjacent nodes along this EP. As a
result, every intermediate node (so-called repeater) will hold
two ebits, which belong to different ebit pairs. By performing
quantum swapping, a repeater can stitch its two adjacent ELs.
When all involved repeaters complete the quantum swapping,
an EC between Alice and Bob is established.

Quantum resource requirement. To create an EL (u,v), we
need an Entangled Photon Source (EPS) to generate a pair
of ebits. To deliver each of the generated ebits to node » and
node v, respectively, a quantum channel from the EPS to node
u and a channel from the EPS to node v are also required. In
addition, we need one unit of quantum memory at node v and
node v, respectively, to keep an ebit. As a result, to establish
an EC between Alice and Bob through an H-hop EP, we need
H EPSes to generate H ebit pairs. From each of these EPSes,
two quantum channels, each of which is connected to one end
of the EL to be created by its ebit pair, are required. Two
units of quantum memory are required at every intermediate
repeater to keep ebits, while only one unit is needed on Alice’s
and Bob’s sides, respectively.

Limited quantum resources. According to current tech-
niques, we have only limited quantum resources available in a
quantum network. For example, each quantum node, such as a
repeater, has only tens of quantum memory units. In addition,
an EPS costs tens of hundreds of dollars [12], and it may not
be affordable to widely deploy them in a quantum network.
Consider that a quantum channel would be a wavelength, and
there would be more than one hundred available wavelengths
in a fiber, in this work, we will focus on fully utilizing
the available EPSes and quantum memory units in order to
concurrently establish as many required ECs as possible.

B. System model and assumptions

Network model. In this work, we study photonic quantum
networks with some quantum nodes (which can function as
both end nodes and intermediate repeaters) whose locations
have already been determined (in order to provide services
to customers). Each quantum node carries a given number of
quantum memory units. EPSes will be organized into several
EPS pools. Due to engineering issues, we assume that there
are some candidate positions to deploy EPS pools. In order to
save infrastructure costs incurred by deploying EPS pools, we
will minimize the number of EPS pools that must be built as
long as all potential demands can be served (though some of
them may be delayed).

It should be noted that in practice, we may have to deploy a
given number of EPS pools in a network with the objective of
not only serving all potential demands, but also maximizing
network throughput. However, this tells a parallel story to this
work, and we will leave it to our future work.
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As in most previous works [5, 6, 14, 15], we assume a
quantum network is operated in a time-slotted manner with
a central controller. In each time slot, we collect all existing
demands, determine the EP for each of them, create ELs, and
perform quantum swapping to establish ECs.

EPS model. In order to fully utilize available EPSes, we
leverage an all-optical switching architecture as in [13] to
dynamically send ebits to different quantum nodes. However,
due to signal attenuation, an ebit can be delivered for only a
certain distance, r. Hereafter, if the distance between node w
and the EPS pool w is less than r, we say node u is in EPS
pool w’s coverage area or node u is covered by EPS pool
w. We deploy out-of-band channels between an EPS pool and
every quantum node in its coverage area. Consequently, an
EPS pool (i.e., its EPSes) can create ELs between every node
pair in its coverage area. For brevity, if both node  and node v
are covered by the same EPS pool, we say there is a quantum
link between them even though there is nodes w and v are
not physically connected. To ensure there is always an EPS
pooling scheme such that we can establish ECs for all potential
demands in the network, we make the following assumption:

Assumption 1. For every pair of nodes with potential de-
mands between them, there is a path consisting of ordered
quantum nodes such that every two adjacent nodes lie in the
coverage area of at least one identical EPS pool.

Entanglement distribution model. Due to signal attenuation,
the success probability of delivering an ebit from an EPS pool
w to a node u depends on the distance between them. In
general, this success probability can be formulated as [4, 5]

q(w,u) = e~ lwu (1)

where « is a fixed parameter associated with the channel
quality and Iy is the length of the transmission medium
between EPS pool w and node . When EPS pool w needs to
create an EL between node w and node v, both ebits must
be successfully delivered. Thus, the success probability of
creating an EL between node u and node v with an ebit pair
generated by EPS pool w is

PZJU = Q(wvu)Q(wvv) = e_a(lwu+lwv) ()
Demand model. A demand is specified by the two ends of the
EC to be established. For a potential demand, we first prepare
some candidate EPs for it based on its two ends. In every
time slot, the central controller collects existing demands and
determines (i) for which demands we will try to establish ECs;
(ii) the EP used by each selected demand; and (iii) how many
ELs an EPS pool we will try to create over each quantum link.
For each demand, we will establish at most one EC in a time
slot. For the node pairs requiring multiple ECs, they have to
submit multiple demands concurrently.

C. Previous Works and Motivation
This work focuses on concurrently distributing as many
end-to-end entanglements, i.e., ECs, as possible in quantum

networks. Most existing works in this area try to fully uti-
lize quantum resources by optimizing the EP selection (also
referred to as entanglement routing). In the early stage, re-
searchers started by solving the entanglement routing problem
on specific topologies, such as diamond topologies [16], ring
or sphere topologies [17], star topologies [18], chain topolo-
gies [19], etc.. After that, Q-CAST [4], REPS [5], and Multi-
R [6] considered entanglement routing on general topologies.
In addition, EFiRAP [20] and Q-LEAP [21] leveraged purifi-
cation to guaranty the fidelity of established ECs. In order
to further increase the number of ECs that can be concur-
rently established, SEE [22] and [23] proposed segment-based
entanglement routing methods. [24] built Quantum Overlay
Networks (QONSs) to efficiently utilize created ELs. All the
above works assumed that quantum memory was the most
precious resource and ignored that EPSes were also very
limited in a quantum network.

ERSA [13] is perhaps the first work that considers limited
EPSes. It organized all EPSes into a pool and dynamically
assigned EPSes to create ELs over different physical links.
Specifically, to create an EL over physical link (u,v) with
ERSA, an EPS in the pool must generate a pair of ebits and
send them to one end (say node u) of link (u,v). Then, node u
will send one of these two ebits to node v through the quantum
channel over link [. It is problematic to organize EPSes
following the way described above since we can directly send
two ebits to the two ends of an EC even if the two ends are
not physically connected.

To address the ebit distribution issue in ERSA, [7] organized
all EPSes into a single pool and directly distributed ebits
generated by EPSes to the ends of ECs required to establish.
To maximize the number of ECs that can be established
concurrently, [7] optimized the position of the unique EPS
pool and the number of EPSes assigned to establish different
ECs. In a large scale quantum network, an ebit cannot be
delivered to a node that is far away from the EPS pool.

LightER [11] allocated EPSes with some quantum nodes
and assumed every ebit generated by a specific EPS can be
delivered to one of its adjacent nodes. In this way, the success
probability of creating ELs can be improved. However, when
existing demands vary, some EPSes cannot be fully utilized
since they would not be used to establish any ECs, which
significantly reduces network throughput.

In this work, we organize EPSes into multiple pools, and
the EPSes in each pool are dynamically assigned to create
ELs in a limited area. By doing so, we can not only ensure
the success probability of creating ELs, but also fully utilize
EPSes.

III. EPED OVERVIEW

The proposed network architecture of EPED is shown in
Fig. 1. Such a network consists of several EPS pools and many
quantum nodes. Each EPS pool distributes entanglements (i.e.,
creates ELs) between node pairs inside its coverage area. One
EL can be created by different EPS pools as long as these
EPS pools cover both ends. To establish an EC between two
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TABLE I
NOTATION LIST

Parameters Description

C The set of candidate EPS pools.

w The set of selected EPS pools.

W(e) The set of selected EPS pools that cover link e.

& The set of quantum links.

N The set of quantum nodes.

Mo, The number of quantum memory units carried by u € N.
D The set of all potential demands.

E(d) The set of demand d’s two ends.

C(w) The set of links over which ELs are created by EPS pool w.

Ta A binary parameter to indicate if demand d exists.

T The set of demand combinations that may exist.

Pa The set of candidate EPs for demand d.

Lo The set of quantum links over which ELs should be created
by EPS pool w € W.

G The number of available EPSes.

r The coverage radius of an EPS pool (or EPS).

d(u,v)  The distance between u and v, u,v € N U W.

qy The success probability of creating an EL over e € £ by an
EPS in pool w.

Variables Description

Jw The number of EPSes allocated to EPS pool w.

ys The fraction of demand d will be fulfilled through its candidate
EP p.

zy The number of ELs that EPS pool w will try to create over
quantum link e.

[4 A factor to scale demand d € D such that there are enough

quantum resources to accommodate all demands.
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Fig. 1. The network structure of EPED.

nodes, e.g., Alice and Bob, that the same EPS pool may not
cover them, we first find an EP between them such that every
two adjacent nodes are covered by the same EPS pool (e.g.,
Alice— u — v —Bob). Then, we can create ELs between
every two adjacent nodes along this EP and establish the end-
to-end EC by stitching ELs together via quantum swapping.

To build the proposed quantum networks, EPED takes
care of both network deployment and online entanglement
distribution. For network deployment, EPED minimizes the
number of EPS pools to build as long as we can distribute
entanglements between every pair of quantum nodes. This is to
save the infrastructure cost of building a quantum network. In
addition, EPED also assigns all available EPSes to the selected
EPS pools to concurrently serve as many demands as possible.
Given the locations of EPS pools and the number of EPSes
in each pool, EPED prepares some candidate EPs for every
potential demands based on their two ends.

When the quantum network starts running, EPED will enter
the online entanglement distribution stage. Specifically, given
a batch of demands, EPED determines which demands we will

try to fulfill and through which candidate EP we will establish
an EC for each selected demand. In this stage, EPED pursues
two goals: (i) calculate the EP for each selected demand as
soon as possible to reduce the duration of time slots; and
(ii) concurrently serve as many demands as possible, i.e.,
maximize network throughput.

In the following two sections, we will discuss the details
of all algorithms we used for offline network deployment and
online entanglement distribution, respectively.

IV. OFFLINE NETWORK DEPLOYMENT

In this section, we present the algorithms used to deploy
networks in EPED. In Section IV-A, we first discuss how to
select the positions to deploy EPS pools. Then, we present how
to deploy available EPSes into EPS pools in Section IV-B. At
last, we describe the method of preparing candidate EPs for
each potential demand in Section IV-C.

A. Selection Positions for EPS Pool Deployment

Considering the policy and engineering issues, we assume
that there are several candidate positions to deploy EPS pools
(these positions are in the set C). Then, we have to select the
minimum number of positions to deploy EPS pools in order to
save infrastructure costs. To ensure that we can establish ECs
between every node pair in the network, the selected EPS pools
(in W) should satisfy the following two conditions: (i) between
every pair of nodes, there is a feasible EP consisting of
quantum links, and (ii) every selected EPS pool covers at least
two nodes. The first condition ensures that we can establish
ECs between every node pair, and the second condition is due
to the fact that an EPS pool covering only one node is useless.

In EPED, we propose an EPS Pool Selection (EPSPS)
algorithm to determine the locations for deploying EPS pools.
This algorithm is summarized in Algorithm 1. In the EPSPS
algorithm, we first scale the distance between nodes such that
the coverage radius of each EPS pool becomes 1 (Line 1),
and then leverage a Discrete Unit Disk Covering (DUDC)
algorithm [25] to select some positions for deploying EPS
pools such that every node is covered by at least one EPS pool
(Line 2). So far, we cannot ensure that ECs can be established
between every node pair. Accordingly, from Line 3 to 11, we
sequentially select more EPS pools to address this issue. More
specifically, in Line 3, we construct an auxiliary graph to check
the network connectivity. If a quantum node is covered by two
different EPS pools, this node can be used as a repeater to
connect a pair of nodes, each of which is covered by one of
these two EPS pools, respectively. Accordingly, as long as the
auxiliary graph constructed in Line 3 is connected, we can find
an EP to establish ECs for every node pair in the network. If
this is not the case, G must have multiple partitions, and there
must be a candidate EPS pool that can create ELs between
two nodes, each of which is covered by selected EPS pools in
different partitions. Otherwise, the Assumption 1 cannot hold.
In Line 5, we find such two partitions, say C and C’, and
involve one more EPS pool to connect them (Lines 7-10).
Given C and C’, there may be multiple EPS pools that can
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Algorithm 1: EPS Pool Selection (EPSPS) Algorithm
Input: The set of candidate EPS pools C, the set of
quantum nodes A/, the coverage radius of an EPS
pool r

1 Scale the distance measurement such that the coverage
radius of an EPS pool becomes 1.

2 Solve the DUDC using the algorithm in [25] to ensure
every node is covered by one EPS pool in W.

3 Construct an auxiliary graph G such that a selected EPS
pool w € W in represented by a vertex v in G. There is
an arc a between vy and v9 in G if wy; and wo cover at
least one identical node.

4 while G is not a connected graph do

5 Find out two seperated partitions, e.g., C and C’, in

G such that there exist v (covered by a w € C) and v’

(covered by a w’ € C’) that are covered by the same

EPS pool.

6 Diin < 2r, w* < 0.

7 foreach Node pair v and o' satisfying the above

condition do

8 W ¢ Argmin, covers v and o’ {d(v, w) + d(v', w)}
9 if d(v, w) + d(v',w) < Dp;p then
10 L Dipin + d(v,w) +d(',w), w* + w

11 | W« W+w" and update G accordingly.

12 Remove all EPS pools that do not contribute to ensure
solution feasibility.
13 Return W

connect them. Among all these EPS pools, we choose the one
that can achieve the largest success probability of creating
an EL between two nodes that are covered by C and C’,
respectively.

Till now, the EPSPS algorithm has derived a feasible solu-
tion for EPS pool deployment. However, after involving more
EPS pools to ensure solution feasibility (Lines 4-11), some
selected EPS pools may be redundant. Accordingly, in Line 12,
we remove all redundant EPS pools that do not contribute to
the solution feasibility to further reduce infrastructure costs.

The performance of the EPSPS algorithm can be guarantied
by the following theorem

Theorem 1. The approximation ratio of the EPSPS algorithm
is 17+e.

Proof. Suppose Opyy p 18 the minimum number of EPS pools
required in order to ensure that every node is covered by at
least one EPS pool and O%pgpg is the minimum number of
EPS pools we need. Apparently, O po < OLpgpg since
every feasible solution of the latter problem is also a feasible
solution of the former one.

With the algorithm in [25], we can ensure every node is
covered by at least one EPS pool with at most 90, pe + €
EPS pools. These EPS pools divide a network into at most
905y pc + € partitions. Accordingly, we need at most an-

other 807,y pc + € EPS pools to connect them. As a result,
the EPSPS algorithm will derive a solution using at most
170y pc +€ < 170% psps +¢ EPS pools. This indicates that
the approximation ratio of the EPSPS algorithm is 17+e. [

It should be noted that the approximation ratio stated in
Theorem 1 is derived based on the worst case. In practice,
the EPSPS algorithm may derive a solution that is close to
the optimal one. For example, 907, pc + € EPS pools cannot
divide the network into 907 b + € partitions since it is very
likely that some of the quantum nodes are covered by the same
EPS pool. In addition, some EPS pools are redundant and will
be removed in Line 12 of Algorithm 2, which is not accounted
for in the above proof.

B. EPS Assignment

Given the positions of all EPS pools, we can easily obtain all
quantum links, i.e., £, and the success probability of creating
an EL over each quantum link by EPS pool w, i.e., ¢¢’ for all
e € £ and w € W. To determine how many EPSes we have to
deploy in each pool, we first prepare some candidate EPs for
every potential demand (rather than the exact demands in the
network). More specifically, we set the cost of each quantum
link e as — 3, )y () log(ge’/[W(e)]) and then leverage Yen’s
algorithm [26] to calculate the k-shortest paths for every
potential demand. In EPED, the candidate EPs include all
paths that are at most two hops longer than the shortest one.
For demand d, all its candidate EPs are in the set P;. Then,
we solve the following problem which takes into consideration
all possible combinations of potential demands:

Lexmax 04 3)
subject to:
0a< > yh<1 VdeD (3a)
PEPq
Yo whla< Y afad V{la}eT.ec€  (3b)
deD pEPg:ecp wew
28 < gw YweEW o)
eeC(w)
> gu<@G (3d)
weW
Z Z ze <my Yu€eEN (3e)
weW e€&:(u,v)=e
¢, gw EN VdeD,weW,e€& 3

The objective is to maximize the scaling factor such that we
have enough quantum resources to accommodate all scaled
demands. Constraint (3a) limits the fraction of each demand
that can be served. Constraint (3b) indicates that we have to
create enough ELs over each link e € £ to establish ECs. In
this constraint, ¢¢’z¢ is the expected number of ELs that can
be created over link e by EPS pool w. It is worth noting that
in this constraint, we take ALL possible demand combinations
into consideration, rather than considering a specific set of
demands. This is because in the offline network deployment
stage, we do not know which demands will be in the network

Authorized licensed use limited to: Nanjing University. Downloaded on September 07,2026 at 01:12:25 UTC from IEEE Xplore. Restrictions apply.



simultaneously. Constraints (3¢) and (3d) limit the number of
ELs that can be created by each EPS pool and the total number
of EPSes that can be provisioned to EPS pools, respectively.
Constraint (3e) is enforced by the number of quantum memory
units carried by each quantum node. Constraint (3 f) states that
the number of ELs we attempt to create and the number of
EPSes we deploy in an EPS pool are non-negative integers.

y4, which indicates if an EC will be established through the
EP p for demand d, should be a binary variable, however, we
do not enforce this limitation. On the one hand, in the above
formulation, demands may be scaled. When 3/ is limited to
binary, the scaled demands (with the volume of Gdyg) should
satisfy the resource capacity limitations. It is equivalent to
relaxing the binary constraint enforced on . On the other
hand, without enforcing the binary constraint, yfi’ shows the
“fraction” of demand d that will be fulfilled through EP p,
and it hints at the probability that we will establish an EC for
demand d through EP p in EPED.

Problem (3) is difficult to solve due to two issues. Firstly,
constraint (3b) includes an infinite number (or at least a huge
number) of constraints since it should hold for all possible
demand combinations. In addition, some of the variables are
integers, which makes Problem (3) be non-convex.

To address the first issue, a primal-dual based method can
help reduce the number of constraints. At first, we consider
the maximum number of ELs we have to create over quantum
link e when demands in the network change. It can be derived
by solving the following problem:

maximize Z Z yhlq (@))
deD pePg:ecp
subject to:
Z I;<my YueN (4a)
d:ueE(d)
I;j<1 VdeD (4b)

In the above formulation, the EP selection (i.e., yg) is a
parameter. Given EPs, we calculate the maximum number
of ELs that we have to create over each link when demand
combination changes under the limitation of quantum memory.
Based on the above fact, we have the following theorem:

Theorem 2. It will not change the optimal objective value of
(3) by substituting (3b) with the following inequality group

Zue/\/ a(u)mu + ZdED B(d) < Z’UJEW qél):rg)
ZUEE(d) o(w) +A(d) 2 Zpe’l’d:eEp ys vd € D
a(u) > 0,5(d) >0

Proof. Let a(u) and B(d) be the dual variable associated with
(4a) and (4b), respectively. Then, the duality of (4) is

(&)

minimize > a(uyma + Y B(d) (6)
ueN deD
subject to:
a(u)+8d) > > yh VdeD (6a)
uweE(d) pEP :e€ED
a(u) > 0,8(d) >0 (6b)

Algorithm 2: EPS Assignment (EPSA) Algorithm

Input: Formulation of (3)
1 Substitute (3b) with (5) and relax all integer constraints.
2 Solve the relaxed (3) and derive the solution g, and &5 .
3 gw + [gw] for all w e W.
4 while 9w > G do
s | w e argmaxg, gy 1100 — Seecu) B
6 Gw < gw — 1.

7 Return {g.,}

Due to the strong duality theorem [27], the objective values of
(6) and (4) are identical. Accordingly, > ;cp Zpepd:eep yhlq
< Dwewee e indicates Y o ara(u) + DoicpB(d) <
Y wew @6’ ze . Combining with (6a) and (6b), we know (5)
is a necessary condition to ensure constraint (3b).

On the other hand, when (5) holds, we have

DT> Yhla< > (D aw) +B(d)Ig

deD peEPy:e€p deD ueE(d)

<> awmu+ Y Bd) <

ueN deD

gz
wew
The first inequality is due to the second inequality in (5),
the second inequality is owned to (4a) and (4b), and the last
inequality is the first inequality in (5). This shows that (5) is
a sufficient condition to ensure constraint (3b). O

With Theorem 2, we can substitute constraint (3b) with
a finite number of linear constraints. Now, we will discuss
how to address the second issue, i.e., the integer variables
in (3). In general, we leverage a relaxation and rounding
based method to obtain a near-optimal solution to an integer
linear programming model. Following this idea, we propose
a rounding based EPS Assignment (EPSA) Algorithm shown
in Algorithm 2. In this algorithm, we relax the integer con-
straint in problem (3) and solve it (Lines 1-2). Based on the
solution, g.,, we assign [gw ] EPSes to each selected EPS pool
w € W (Line 3). According to (3d), we have Y, - gw = G.
Therefore, >, cyy[dw] > G. It means that we do not have
enough EPSes if we always assign [§. ] EPSes to EPS pool w.
To address this issue, we sequentially remove one EPS from
the pool that has the most redundant EPS resources, i.e., the
EPS pool w associated with the largest g, — Zeec(w) 25, value
(Lines 4-6). The only exception is that if an EPS pool has only
one EPS, we cannot remove it in order to maintain network
connectivity.

C. Candidate EPs Preparation

Once the EPS provisioning is determined, we can solve
the following problem, which optimizes the probability of
using different EPs, to maximize the scaling factor to serve
an arbitrary potential set of demands:

Lexmax 04

(7
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Algorithm 3: Online Entanglement Routing (OER)
Algorithm

Input: Solutions to problem (7) g}Z and ¥
existing demand Q
1 Initialize 3} < 0, 2’ - 0, ® + Q
2 foreach Demand d € Q2 do

, the set of

3 Randomly select path p € P; with a probability of gjg.
4 if A path p is selected then

5 yh 1L, Q«Q—d

6 foreach ¢ along p do

AW Tw
7 we < argmax,, {T¢' —2¢'| Xerec(w) e /¢Jqfﬁ;/lw+
$q+1 < gw}

8 if we = (0 then

9 Ly§<—O,Q<—Q+d,break

10 if 4, =1 then

11 foreach e along p do

12 L zoe —xde +1
13 foreach Demand d € ) do
14 foreach p € P; do

15 if Enough resources for another EC along p then
16 L yb « 1, break

17 Return {y/}

subject to: (Ba)-(3¢), (3e)

P<1 VdeD,weWw )

Different from (3), gw is a parameter in (7) instead of a
variable since it has been determined based on the EPSA
algorithm. ¢! can be treated as the probability of fulfilling
demand d through EP p. Then, we have enough resources to
create the required ELs over each quantum link in expectation.

V. ONLINE ENTANGLEMENT DISTRIBUTION

In the online entanglement distribution stage, we have
to establish ECs for some of existing demands (if not all,
depending on resource limitations). In this section, we will
present how to online select an EP for each existing demand.

If demand d establishes its EC going through the path p
with the probability of 37, i.e., the solution of (7), there will
be enough resources to create ELs over every quantum link
in expectation. Based on this observation, we propose the
Online Entanglement Routing (OER) algorithm as shown in
Algorithm 3 to select the EP for every demand.

In the OER algorithm, & is used to record the demands that
have not received an EP, and we is the EPS pool selected to
create an EL over link e when attempting to establish the EC
for a demand. In Lines 2—12, we select the EP for each demand
based on the solution of (7), i.e., QS. Before selecting an EP
for a demand, we should check if there are enough quantum
resources to establish one more EP along this EP (Lines 6-9).

After selecting EPs for demands based on QS, there would be
some remaining quantum resources and some demands may
not receive any EPs. From Line 13 to 16, we traverse all
candidate EPs for every remaining demand to check if we can
establish more ECs. This is to fully utilize quantum resources
and maximize network throughput.

Theorem 3. Suppose the solutions of (7) are 04 and 94, for a
set of demands {1;}, the number of ECs that can be established
is at least 3 ;cp 0414 in expectation.

Proof. In the optimal solution of (7), there must be
ZpePd 9 = 0, Vd e D. Suppose t, is the number of ECs we
can establish for demand d € D. Based on the OER algorithm,
an EC can be established for demand d with the probability

ZPG'Pd @s = Gd. That is

|

Then, the expected number of ECs that can be established for
demand d is E[ty) = 1x05+0x (1—0,) = 64. As a result, the
expected number of ECs that can be established in Lines 2—
12 should be E[ZdED tdld} = ZdeD E[td]fd = ZdED 0414. In
Lines 13-16, we will establish more ECs. It only increases the
scaling factor of each demand. Accordingly, we can conclude
the above theorem. O]

1, with the probability 6

0, with the probability 6, ®

Theorem 4. Without checking the available quantum re-
sources in Lines 6-9, we need at most F[g. + C| EPSes in
pool w with a high probability, where F = (41°g‘ l +3), and
C' is the maximum number of links covered by an EPS pool.

Proof. Following the definition of ¢; in (8), we have E[tdld]

ZpePd ggld and ZdGD ZpEPd:eEp ngd = ZwEW q¢'ze’. The
expected number of ELs that have to be created over e satisfies
BlYcec(w) 2deD 2pePyeep taldl = 2pew Te'ge - Assume
z¢ is the number of ELs that will be created over link e by
EPS pool w, according to the EPS selection method in Line 7
where we always use the EPS pool that has to create the most
ELs over e according to ¢/, we have 3° o,y ElEe] < gw +
C since we always rounds up the number of ELs that to be
created by EPS pool w.

: _ 1
Now, by defining A = Sien

” and letting z. be the number
of ELs we must attempt to create over link e, we know

o +C € [0, 1}
E[ZFEC(w) e

guw+C

<A

Suppose p is a positive value, by applying the Chernoff
Bound [28], we have

ZeEC(w) :béuA >
Jw + C -
ZeEC(w) Zbg 2
Juw + C

Now, we introduce a parameter F' and assume

Pr{

=Pr|

ZeEC(w) i

P
> <e 2F
Pr= S > (1) < F

<
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(9) holds if p > EF— o N> 2.
By setting F' = ﬁ, (9) becomes
2ecC(w) Te 1
Prl—/————— > (1 < 1
x| Jut C > ( +P)]_|N‘4 (10

. Vi INE 2 o IN]

where p > 2log |[N|+2 logA |N\+2Alog\/\f|. Since
ViogZ INTF2Mlog IN]

2 > 2logIN|+2 logA WNI+2A108 N1 (9) also holds when p >

M%Wl + 2. This demonstrates that EPS pool w needs fewer
than (1+ p)(gw + C) = (15N 4 3)(g,, + C) EPSes. O

4log [NV
=8l 4

VI. PERFORMANCE EVALUATION

In this section, we will evaluate the performance of EPED
using a custom in-house simulator. Simulations involve ran-
domly generated networks with a certain number of quantum
nodes (with their locations), EPSes, demands, and candidate
positions of EPS pools. In every simulation trial, we ensure
that there are more available EPSes than the candidate posi-
tions of EPS pools, and it is a feasible solution that assigns
one EPS to every candidate EPS pool. For a given set of
parameters, we run the simulation for 1 x 10° times and the
averaged results are shown. The main findings include:

e Compared with a conventional greedy algorithm, EPED
can save up to 8% EPS pools to serve all potential demands.

e The multi-path routing, EPS assignment, and EL creation
in EPED improve network throughput by up to 31%, 49%,
and 16%, respectively.

A. Simulation Methodology

Test case generation. To generate a case for evaluating the
performance of EPED, we place a given number of quantum
nodes into an 5x5 (km?) square area and select a given number
of candidate positions to deploy EPS pools. Given the coverage
radius of an EPS pool (suppose it is ), we will check whether
there is a path between every node pair and that the distance
between every two adjacent nodes along this path is shorter
than 1.8r. If not, we scale down the entire area until such a
path exists for every node pair. If it is not a feasible solution to
deploy an EPS pool at every candidate position, we generate
more candidate positions until there is a feasible solution.
Default parameters. There are 150 quantum nodes and 60
candidate positions to deploy EPS pools when we investigate
the performance of minimizing the number of EPS pools
required to ensure a feasible solution can be derived, while
there are 100 quantum nodes and 60 candidate EPS pools
when we investigate the performance of maximizing network
throughput. The coverage radius of each EPS pool is 1. The
parameter determining the success probability of creating an
EL, ie., v in (2), is 1 x 10~*. Without clarification, there are
150 EPSes available and 36 demands in a network.
Comparison schemes. There are two goals to pursue in
EPED. One is saving infrastructure costs, which is measured
by the number of EPS pools to deploy. The other is maximiz-
ing network throughput, which is measured by the average
number of ECs established per time slot (i.e., ECs per time

slot, epts). In terms of minimizing infrastructure costs, we
compare EPED with the following two schemes:

e Greedy-based EPS pool selection (GD). We select the
positions for deploying EPS pools one after another. In
each iteration, we choose the position that can cover the
most nodes that have not been covered by any selected
EPS pools. When all nodes are covered, we added more
EPS pools to ensure solution feasibility.

e Path-based EPS pool selection (PB). We check every node
pair. If there is no feasible EP to establish ECs between
two nodes, we find a path along which every two adjacent
nodes are covered by the same EPS pool, and deploy more
EPS pools to ensure there is a feasible EP between them.

To investigate the performance of EPED in maximizing
throughput, we compare it with the following three schemes:

e Shortest-Path based routing (SP). By leveraging the EPSA
algorithm to determine the EPS provisioning scheme, we
establish the EC for every selected demand through the
shortest path. This is to demonstrate the benefit of using
the multi-path entanglement routing in EPED.

e Even EPS Assignment (EEA). We evenly assign all EPSes
to selected EPS pools and leverage the OER algorithm to
determine the EP of each demand. This demonstrates the
superiority of the EPS assignment in EPED.

e Least Workload First (LWF). To fully utilize EPSes, we
sequentially find the EP for each demand. If an EL can be
created by EPSes in multiple pools, we will use an EPS in
the pool with the least workload. This shows the superior
performance of the EL creation method in EPED.

B. Performance of Saving Infrastructure Cost.

Impact of network scale. By varying the number of quantum
nodes from 30 to 170, the required number of EPS pools
is shown in Fig. 2(a). No matter which EPS pool selection
scheme is adopted, more EPS pools are needed in larger
networks since there are more nodes to serve. With PB, the
number of required EPS pools increases faster than in the other
two comparison schemes since it only considers a specific EP
when introducing more EPS pools, which does not efficiently
utilize the coverage areas of EPS pools.

Impact of candidate EPS pools. When the number of can-
didate EPS pools varies from 30 to 100, EPED and GD need
fewer EPS pools as shown in Fig. 2(b), since we have more
choices to save the infrastructure cost. More candidate EPS
pools introduce more solutions with the same infrastructure
cost, and hence the performances of GD and EPED are very
close when there are many candidate EPS pools. However,
the required number of EPS pools increases with the number
of candidate EPS pools when PB is adopted. This is because
more EPs are available and the EPs for different demands are
spread over the network, which prevents reusing the EPS pools
deployed for a specific EP.

Impact of coverage radius. When the coverage radius of
each EPS pool increases from 1 to 1.7 with a step size of
0.1, the number of required EPS pools is shown in Fig. 2(c).
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Fig. 3. Impact of traffic patterns when network scale changes.
Intuitively, the larger the coverage radius is, the fewer EPS
pools we need. The EPS pool number decreases at a slower
pace with the increase in EPS pool coverage radius. This is
because when each EPS pool can cover a larger area, other
EPS pools need a larger coverage radius increase to take over
its function, i.e., cover a set of quantum nodes.

Impact of node position distribution. How quantum nodes
are distributed in the given area significantly impacts the
number of required EPS pools. As in [7], we investigate the
performances of all schemes by sampling the position (i.e.,
its horizontal and vertical coordinates) of each node following
four different distributions: (i) Beta, i.e., the horizontal and
vertical coordinates of each node are 5 times of a number
following the distribution of Beta(0.5,0.5); (ii) Circle, i.e., all
nodes spread on a circle whose radius is 2.5 km; (iii) Uniform,
i.e., all nodes evenly spread in the given area; and (iv)
Triangular, i.e., the horizontal and vertical coordinates of each
node follow the distribution of 7(0,2.5,5). The simulation
results are shown in Fig. 2(d). When all quantum nodes are
distributed on a circle or the node coordinates follow the
triangular distribution, we need fewer EPS pools than the other
two test cases. This is because, in these two cases, all nodes
are allocated closer to each other than in the other two cases,
and an EPS pool can cover more nodes.

C. Performance of Maximizing Network Throughput

We investigate the performance of EPED to maximize
network throughput based on two traffic patterns:
e Long demands. All ECs have to be established over EPs
using multiple quantum links.

e Mixed Demands. We randomly select a set of nodes and
assume there is a demand between every pair of nodes.
We do not investigate the case that all ECs can be established

by one EPS pool since it has been well studied in [7].

Impact of traffic patterns in networks with different scales.
Fig. 3 shows the network throughput achieved by different
comparison schemes under different traffic patterns when the
number of quantum nodes changes. From this figure, we can
make the following observations. Firstly, with more nodes in
a network, EPED will achieve a larger network throughput
when only long demands exist. This is because there are

more available EPs to serve each demand. This analysis is
validated by the performance achieved by the SP scheme.
When only the shortest path can be used, network throughput
decreases with the increase of network scale. However, when
short demands also exist, the throughput achieved by EPED
decreases since some short demands become long demands in
a large network. In a network with 100 nodes, EPED achieves
a similar performance regardless of which pattern demands
follow, since almost all demands become long demands.

Secondly, when EEA is adopted, network throughput first
decreases with the network scale and then increases. The
decrease is because more EPS pools are needed and it leads
to a lower utilization by evenly assigning EPSes to more
EPS pools. When network scale continues increasing, evenly
assigning EPS to each pool becomes a near-optimal solution
since demands are spread sparsely over the network.

Last but not least, EPED outperforms the EEA, SP, and
LWF by up to 49%, 31%, and 16%, respectively, when only
long demands exist, while such performance improvements
become 21%, 22%, and 13%, respectively, when serving
mixed demands. The reason is that there is little optimization
space to improve network throughput by changing the routing
of demands with short EPs. Due to the space limitation, in the
following, we only present the simulation results when only
long demands exist since EPED is mainly designed for large
quantum networks with many long demands.

Impact of workload. When the number of demands in a net-
work changes from 5 to 40, the network throughput derived by
all comparison schemes is shown in Fig. 4(a). When there are
more demands in a network, we have more options to establish
ECs and hence network throughput increases. The throughput
achieved by LWF increases the slowest since the EPS pool
with the least load may not be able to create an EL with a
large success probability. In addition, throughput increases at a
slower pace when the network experiences a heavy workload.
This is because more demands will incur resource contention,
and we cannot serve all additional demands.

Impact of available EPSes. When the number of available
EPSes increases from 60 to 200, network throughput in-
creases regardless of which comparison scheme is adopted
as shown in Fig. 4(b). The network throughput achieved
by EPED increases faster than that achieved by EEA since
EPED intentionally provisions EPSes to pools that need to
serve more demands. In addition, the throughput increase ratio
achieved by all comparison schemes decreases when there are
more than 100 available EPSes since other resources, e.g.,
quantum memory, gradually become another bottleneck that
limits network throughput.
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Fig. 4. Performance of maximizing network throughput.

Impact of success probability of creating ELs. When the
parameter o in (2) increases from 1 x 1074 to 8 x 1074, the
network throughput derived by different comparison schemes
is shown in Fig. 4(c). When « increases, the success prob-
ability of creating each EL decreases. Accordingly, network
throughput also decreases. When « achieves 8 x 1074, it is
unlikely to establish an EC going through a multi-hop EP.
As a result, all comparison schemes achieve a closer network
throughput, though EPED still outperforms others.

D. Algorithm Running Time

Fig. 5 shows how much time EPED spends running the OER
algorithm. The results are collected from a desktop carrying an
Intel Core i9-13900KF CPU and 64 GB of memory. From this
figure, we can see that even when there are 100 nodes in the
network, only 6.5 ms is needed to select EPs for all demands.
Accordingly, the proposed EPED approach is feasible for large
scale and heavily loaded quantum networks.

VII. CONCLUSIONS

In this work, we have proposed a new approach named
EPED that organizes Entangled Photon Sources (EPSes) as
multiple pools and dynamically assigns EPSes to create en-
tanglement links (ELs) between nodes in their coverage areas.
By stitching these ELs together with quantum swapping, we
can establish Entanglement Connections (ECs) between every
node pair. In EPED, we have proposed a series of efficient
algorithms to determine the positions of EPS pools we have
to deploy, the number of EPSes we should deploy into each
pool, and how to dynamically provision EPSes to create ELs.
We have conducted extensive simulations to demonstrate the
superior performance of EPED.
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